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Abstract To better simulate multi-phase interactions involving failure evolution, the material point
method (MPM) has evolved for almost twenty years. Recently, a particle-based multiscale simulation
procedure is being developed, within the framework of the MPM, to describe the detonation process
of energetic nano-composites from molecular to continuum level so that a multiscale equation of
state could be formulated. In this letter, a multiscale MPM is proposed via both hierarchical and
concurrent schemes to simulate the impact response between two microrods with diﬀerent nanostruc-
tures. Preliminary results are presented to illustrate that a transition region is not required between
diﬀerent spatial scales with the proposed approach. c© 2012 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1205103]
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To better simulate multi-phase interactions involv-
ing failure evolution, the material point method (MPM,
http://en.wikipedia.org/wiki/Material Point Method)
has evolved for almost twenty years since its ﬁrst paper
was published in 1994.1 The MPM is an extension to
solid mechanics problems of a hydrodynamics code
called ﬂuid-implicit-particle (FLIP) which, in turn,
evolved from the particle-in-cell method, as reviewed
by Chen et al.2 The motivation for this initiative
was to better simulate those challenging problems
such as impact, penetration and machining with
history-dependent internal state variables for which
the conventional spatial discretization methods have
certain limitations. The essential idea is to take ad-
vantage of both the Eulerian and Lagrangian methods
while avoiding the shortcomings of each. In comparison
with the other meshless methods, the MPM appears
to be less complex with a cost factor of at most twice
that associated with the use of corresponding ﬁnite
elements, and to be easily interfaced with existing
computer codes using the ﬁnite element method (FEM)
due to the same weak formulation being used for both
methods. Much research has been conducted in the
world, especially over the last ten years, to improve the
original MPM and to combine the MPM with the FEM
for modern engineering applications.3–6 For multiscale
simulation, a multi-level reﬁnement scheme has been
designed for the generalized interpolation material
point (GIMP) method,7 and a hierarchical approach
has been proposed in which material points at the ﬁne
level in the MPM are allowed to directly couple with
the atoms in molecular dynamics (MD).8 However, the
need for a transition region between diﬀerent spatial
scales in the hierarchical approach limits its application
to the cases where nano/micro structures of certain
sizes, such as nano/micro rods and beams in multi-level
a)Corresponding author. Email: chenzh@missouri.edu.
composites, interact with each other.
Energetic composites containing metallic fuel and
inorganic oxidizer have become a research topic of cur-
rent interests due to their high energy density, tun-
able energy release rate and ignition sensitivity and
benign reaction products, as reviewed by Apperson et
al.9 and Gan et al.10 Because simple physical mixing
leads in general to a nonhomogeneous distribution of
fuel and oxidizer nanostructures, a better fuel and ox-
idizer assembly is desirable to yield the optimal per-
formance of the nanothermite during the detonation
process. Toward this end, various kinds of materials
such as self-assembled composites of CuO nanobeams
and Al nanoparticles have been produced as shown in
Fig. 1. Such a system has been studied at the continuum
level using an equation of state (EoS) for the detonation
product of the CuO/Al nanothermite as obtained under
the assumption of an inﬁnite reaction rate and complete
neglect of microscopic structural features. However, the
detonation behavior of a real nanothermite composite
will be aﬀected by several factors such as ingredient
ratio, mass density, composite morphology, and con-
stituent particle sizes and shapes. As shown in Fig. 1,
nanostructures of certain sizes will interact with each
other via longitudinal (particle to rod or rod to rod),
transverse (particle to beam or beam to beam) or mixed
impacting modes when detonation occurs. As an ini-
tial step towards understanding these factors, hence, we
have recently performed MD simulations to study the
eﬀects of impact velocity, aspect ratio, and sample size
on the impact response of copper nanobeams, with a
focus on the impact pressure, defect nucleation growth,
and equivalent temperature.11 It has been found that
the Hugoniot curve, that characterizes the EoS, is size-
dependent. To simulate the multiscale impact response
for formulating a multiscale EoS, hence, a multiscale
material point method (MMPM) is proposed in this let-
ter, and example problems are considered to illustrate
the proposed procedure.
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Fig. 1. The transmission electron microscopy images of (a)
CuO nanorods and (b) CuO nanorods self-assembled with
Al nanoparticles before detonation occurs.9
In the original MPM,1 a continuum body is dis-
cretized with the use of a ﬁnite set of Np material points
in the original conﬁguration that are tracked through-
out the deformation process. Let xtp (p = 1, 2, ..., Np)
denote the current position of material point p at time
t. Each material point at time t has an associated mass
Mp, mass density, velocity, Cauchy stress, strain, and
any other internal state variables necessary for consti-
tutive modeling. Thus, these material points provide a
Lagrangian description of the continuum body. At each
time step, the information from the material points is
mapped to a background computational mesh (grid).
This mesh covers the computational domain of interest,
and is chosen for computational convenience. After the
information is mapped from the material points to the
mesh nodes, the discrete governing equations are solved
on the mesh nodes, and the updated velocity and ve-
locity gradient are then mapped back to the material
points to update the stress, internal state variables and
position of material points, which concludes the current
time step. Since the mass density of the continuum
body is deﬁned by
ρ (x, t) =
Np∑
p=1
Mpδ
(
x− xtp
)
, (1)
where δ is the Dirac delta function of material point
position at time t and has the dimension of the inverse
of volume, the use of the weak formulation similar to
that for the FEM could result in the standard equation
of motion formulated on mesh nodes i at time t for a
lumped mass matrix
mtia
t
i =
(
f ti
)int
+
(
f ti
)ext
(2)
in which the internal force vector takes the form of
(
f ti
)int
= −
Np∑
p=1
Mps
s,t
p ·Gi
(
xtp
)
(3)
with ss,tp = s
s
(
xtp, t
)
and Gi the spatial gradient of
shape function, respectively. As can be seen from
Eqs. (2) and (3), the speciﬁc stress of a material point,
ss is mapped to the mesh nodes via the gradient of
shape function so that the current acceleration vec-
tor could be determined at mesh nodes based on the
out-of-balance force vector. Due to the mapping and
remapping process between material points (particles)
and mesh nodes to evaluate gradient and divergence
terms, hence, a particle-based procedure could be used
to develop the MMPM without the need for a ﬁxed
mesh-connectivity matrix as required in the FEM.
As illustrated in Fig. 2 for the proposed MMPM,
MD at nanoscale is linked with cluster dynamics (CD)
at sub-micron scale via a hierarchical approach while
CD is embedded into the MPM via a concurrent ap-
proach for establishing the multiscale EoS. Because the
MPM describes the continuum ﬁeld via a set of material
points as shown in Eq. (1), MD and CD could be easily
coupled with the MPM, with each material point rep-
resenting a molecular cluster. The concurrent nature
between CD and MPM eliminates the need for a transi-
tion region between diﬀerent spatial scales, which makes
it feasible to simulate the impact response of energetic
composites that involve nano/micro structures of cer-
tain shapes and sizes. It should be pointed out that dif-
ferent distribution functions, instead of the Dirac delta
function as used in Eq. (1), could be employed for dif-
ferent cases.
With the interatomic Lennard-Jones (LJ) poten-
tial as the building block, the cluster interaction poten-
tial has been derived by using the LJ potential as the
Green’s function so that numerous molecules could be
congregated into clusters of various shapes and sizes.12
Since the model parameters for the LJ potential has
been calibrated for Cu13 and the impact between Cu
ﬂyers and targets is considered here to illustrate the
feature of the proposed MMPM, with the constitutive
relation for Cu being derived from the cluster poten-
tial. Based on the LJ potential, the stiﬀness matrix has
been obtained in the atomic-scale FEM for large-scale
static problems.14 Since the original MPM was formu-
lated within the dynamic framework to determine the
acceleration vector from the out-of-balance force vector
as shown in Eq. (2), the constitutive equation could be
evaluated at the material point level to form the internal
force vector via Eq. (3), without formulating the global
stiﬀness matrix. Hence, the proposed MMPM could
be used for both large-scale dynamic and quasi-static
problems.
Consider a copper microrod of length 1.5 μm im-
pacting on a copper microrod of length 3 μm with a
velocity of 10 m/s, as illustrated in Fig. 3(a). The tar-
get rod consists of three segments with the number of
molecular clusters being 100, 50 and 25 in segment 1, 2
and 3, respectively, and the corresponding cluster radius
being approximately 5 nm, 10 nm and 20 nm, respec-
tively. All these clusters are connected in series. The
sphere-to-sphere cluster potential is used here for the
case that the distance between the surface of two clus-
ters is very small as compared with the cluster radius,12
which corresponds to a closely compacted solid rod.
The ﬂyer rod consists of 75 molecular clusters with a
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Fig. 2. Hierarchical from MD to CD, and concurrent be-
tween CD and MPM.
uniform radius of 10 nm, and connected in series. Ini-
tially, there is one cluster per cell for both target and
ﬂyer rods in the MPM grid so that the grid spacing
for the target rod is not uniform due to the discontin-
uous change in cluster size. An explicit time integrator
is used for solving Eq. (2) with the critical time step
being determined based on the distance between grid
nodes for the smallest clusters.
Because the second derivative of the cluster poten-
tial with respect to the distance between the centers
of two clusters yields the axial stiﬀness kc between the
two clusters, the corresponding Young’s modulus Ec be-
tween the two clusters could be obtained with the use of
the stiﬀness times and the length lc between the centers
of two clusters divided by the cluster cross sectional area
Ac, namely, Ec = kclc/Ac. Since the total axial stiﬀ-
ness of a rod segment consisting of a given number of
clusters with a uniform radius in a series connection is
equal to the individual cluster stiﬀness divided by the
cluster number, the constitutive equation for the rod
segment could be determined for the MMPM based on
the cluster potential.
The elastic and plastic properties of nanowir-
es/nanorods depend on the lateral dimension if it is
less than a critical value.15,16 Based on the MD simula-
tion with the LJ potential for copper,13 it is found that
the Young’s modulus is not size-sensitive for the lateral
dimension of the rod segments as shown in Fig. 3(a).
In other words, there is no size eﬀect on the elastic
model for the microrod with diﬀerent nanostructures
since the lateral dimension is larger than the critical
value. Hence, Young’s modulus E = 140 GPa and mass
density ρ = 8900 kg/m3 are used for all the clusters
to demonstrate the essential feature of the proposed
procedure. Figure 3(b) illustrates the stress wave pro-
ﬁles along the target rod at diﬀerent times, with tL
being the transit time required for the wave to propa-
gate from the impact surface to the ﬁxed end. As can
be seen from Fig. 3(b), the average magnitude of the
incoming stress wave satisﬁes the analytical condition,
σ = ρcu = 0.18 GPa before the wave is reﬂected at the
ﬁxed end, with c2 = E/ρ and u being the particle veloc-
ity (half of the impact velocity for the case considered
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Fig. 3. The MMPM simulation of rod-to-rod impact with
the target rod consisting of clusters of diﬀerent sizes.
here). After the stress wave is reﬂected at the impact
surface, the stress magnitude is doubled as shown with
the curve for t3 = 1.5tL. It appears from the numer-
ical solutions that the standard wave proﬁles could be
obtained without introducing any spurious wave reﬂec-
tion at the interface between two segments of diﬀer-
ent nanostructures. Since no artiﬁcial viscosity is used
here, the range of wave oscillation as shown in Fig. 3(b)
is similar to that for a macrorod consisting of uniform
material points connected in series.2 The stress histo-
ries at diﬀerent locations of the target rod, as illustrated
in Figs. 3(c) and 3(d), show the incoming stress wave
and both incoming and reﬂected waves, which further
demonstrates that the impact response of the micro-
rod with diﬀerent nanostructures could be reasonably
simulated by the MMPM without the need for a tran-
sition region between two segments of diﬀerent spatial
scales. It should be pointed out that there is a jump
in axial stiﬀness between two segments of diﬀerent spa-
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tial scales although the same elastic model is used for
the whole microrod whose lateral dimension is larger
than the critical value related to the size eﬀect. If the
cluster potential diﬀerent from that based on the LJ po-
tential is developed, it would be possible to investigate
the impact response of a composite microrod with dif-
ferent nanostructures and constitutive relations, which
is beyond the scope of this letter.
Based on the original MPM, a particle-based
MMPM is proposed in this letter, in which MD is linked
with CD via a hierarchical way while CD is coupled
with the MPM concurrently. The essential feature of
the proposed procedure is demonstrated by simulating
the impact response between two microrods with diﬀer-
ent nanostructures. It is shown that a transition region
is not required between diﬀerent spatial scales. To for-
mulate a multiscale EoS for energetic composites, the
proposed procedure will be further improved by devel-
oping advanced molecular and cluster potentials and by
simulating diﬀerent impacting modes such as longitudi-
nal (particle to rod), transverse (particle to beam or
beam to beam), 3D and mixed modes.
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